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J. NASH in [9] proved that every smooth closed manifold is diffeomorphic to a component of a real algebraic 
variety and concluded his paper with a question whether every smooth closed connected manifold is diffeomorphic 
to a rational real algebraic non-singular variety. The topological Nash conjecture formulated in [2,4] arose from 
this question of Nash. The main result of this paper is the proof of the topological Nash conjecture (stated in 
Theorem 1.1). Copyright 0 1996 Elsevier Science Ltd 
1. INTRODUCTION 
The notion of blowup equivalence of smooth manifolds imitates the notion of birational 
equivalence of real algebraic varieties. While not every manifold is diffeomorphic to 
a rational (i.e. birationally equivalent to RP”) non-singular real algebraic manifold,+ 
Theorem 1.1 shows that every smooth closed connected manifold is topologically rational 
(i.e. blowup equivalent o RP”). 
THEOREM 1.1. Any two smooth closed connected manifolds of the same dimension are 
blowup equivalent. 
Theorem 1.1 allows to define an integer-valued metric on the space of diffeomorphism 
types of closed connected manifolds. 
Dejinition. The distance between two smooth closed connected manifolds M and N of 
the same dimension is the minimal length of a blowup sequence connecting M and N. 
Consider the space Diff(n) of smooth closed connected manifold of dimension n equip- 
ped with this metric. 
Example. In Diff(2) the distance between two different non-orientable surfaces is 1, the 
distance between two different orientable surfaces is 2 and the distance between an 
orientable surface and a non-orientable surface is 1 if the Euler characteristic of the 
non-orientable surface is less than the Euler characteristic of the orientable surface and 
2 otherwise. In particular, the diameter of Diff(2) is 2. 
Question. Is the diameter of Diff(n) infinite if n > 2? 
Remark 1.2. Theorem 1.1 is not new for dimensions less than 4. In dimension 2 it follows 
easily from the classification of surfaces. In dimension 3 it was proved by Akbulut and King 
in [2] and by Benedetti and Marin in [4]. 
‘The only known counterexamples are, however, the orientable surfaces of genera greater than one. 
287 
288 G. Mikhalkin 
2. DEFINITION OF THE BLOWUP EQUIVALENCE 
Let M be a smooth manifold and L be a smooth closed submanifold of M (this means 
that L is compact and the boundary of L is empty). It will be convenient to use ortho- 
gonality in M so we put a Riemannian metric on M. We denote the normal bundle of L in 
M by Q(L). Let L” be the projectivization of Q(L). Thus 2 is the RP4-bundle over 
L associated to v,+,(L), q = dim M - dim L - 1. 
The normal bundle v,,&) is the tautological &bundle over t defined by the projectiviz- 
ation bundle 
p:L+L 
(the fiber of this bundle over x EL” is the line x itself). Thus we have a natural diffeomorphism 
p: v&) - z 5 Q(L) - L 
which can be extended to a map 
7r: v&7) + v&) 
such that rrlt = p. 
Dejinition 2.1. A map 
f:IhB(M,L)+M 
is called the blowup of a smooth manifold M along a smooth closed submanifold L c M if 
Ji? is the result of gluing of v&) to M - L with ,u andfis defined by 
The smooth manifold 6i = B(M, L) is called the result of blowup of M along L. The 
submanifold L c M is called the center of blowup& The submanifold L” c fi is called the 
exceptional divisor of J: We say that v c fi is the proper transform of a closed subset 
I/’ c M, if f (7) = I/, P is closed in fi, and r - L” is dense in r. 
Until Section 5 we use proper transforms in a special situation, when T/ c M is a smooth 
submanifold which intersects L cleanly. 
Dejnition 2.2 (Akbulut and King [ 11). We say that smooth closed submanifolds T/ and 
L intersect cleanly in M if LnV is a smooth submanifold of L and any vector tangent to 
L and normal to LnV is normal to V. For example orthogonal submanifolds intersect 
cleanly; if V and L are transverse in M then they can be deformed into a pair of orthogonal 
submanifolds o their intersection is clean. 
Lemma 2.1 of [l] allows to define the proper transform in this case much more simply, 
as the union of V - L and the projectivization of v”(LnV). In particular, the proper 
transform is diffeomorphic to B(V, VnL). 
Dejinition 2.3. A multiblowup is a sequence of blowups 
l\;l=Mk+ . . . +MO=M. 
The manifold fi is called the result of multiblowup of M. 
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Any smooth closed submanifold L c M produces a blowup B(M, L) + M. Contrary to 
that, not every smooth closed submanifold 2 c fi comes as the exceptional divisor of 
a blowup fi -+ M. The following lemma describes the pairs (a, 2) which can be blown 
down. 
LEMMA 2.4. Let L be a smooth closed submanifold of a smooth manifold A. A projective 
linear jibration 
extends to a blowup fl(M, L):Ii? + M I L if and only if the restriction of the normal bundle 
v~L to the jiber of j3z is isomorphic to the tautological line bundle over the real projective 
space (in particular, the codimension of L” is one). 
Proof: To get M out of fi we replace a tubular neighborhood of L” c fi with the disk 
bundle over L associated to L” -+ L. q 
Definition 2.5. Two smooth manifolds M and N of the same dimension are called blowup 
equivalent (or m-equivalent [4], or topologically birationally equivalent [2]), if there exists 
asequence M = MO, MI, . . . , M, = N such that for any j E { 1, . . . , n} either Mj is the result 
of blowup of Mj-1 along a smooth closed submanifold of Mj_1 or Mj_1 is the result of 
blowup of Mj along a smooth closed submanifold of Mj. The sequence M = MO, 
MI, . . . , M, = N is called the blowup sequence. 
Definition 2.6. We say that a pair of manifolds (A, P) is the result of blowup of a pair of 
manifolds (M, V) along L c M if li;i is the result of blowup of M along L, L and V intersect 
cleanly, and P is the proper transform of V. A multiblowup of a pair (M, V) is a sequence of 
blowups 
(a, p) = (Mk, I’,) + ... -+(M,, V,) = (M, I’). 
Two pairs of manifolds (M, V) and (N, W) are called blowup equivalent, if there exists 
a sequence (M, V) = (M,, V,), (M,, VI), . . . ,(M,, V,) = (N, W) such that for any 
je { 1, . . . , n} either (Mj, Vj) is the result of blowup of (Mj- 1, Vj- I) along a submanifold of 
Mj_ 1 or (Mj_ 1, Vj- 1) is the result of blowup of (Mj, Vj) along a submanifold of Mj. 
Dejinition 2.7. A smooth manifold M of dimension n is called topologically rational, if 
M is blowup equivalent o HP”. 
Example. The manifold B(S”, pt) is diffeomorphic to [WP” and, therefore, S” is topologi- 
tally rational. 
We can restate Theorem 1.1 in the following form. 
THEOREM 1.1. Every smooth closed connected manifold is topologically rational. 
Remark 2.8. It is possible to define blowup equivalence for manifolds with boundary by 
allowing to blowup along smooth proper submanifolds. Theorem 1.1 admits a generaliz- 
ation: if two smooth closed manifolds M and N have the same number of components and 
cTM and aN have the same number of components then M and N are blowup equivalent. 
The proof of this is a subject of a future paper. 
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3. SIMPLE PROPERTIES OF BLOWUP EQUIVALENCE 
LEMMA 3.1. If M is blowup equivalent to M’ and N is blowup equivalent to N’ then M x N 
is blowup equivalent to M’ x N’ and M # N is blowup equivalent to M’# N’. 
Proof If M = Mo, MI, . . . , M, = M’ and N = N,,, Ni, . . . , N, = N’ are blowup se- 
quences then 
MxN=M,xNO,M,xNo ,..., M,xNO,M,xN1, . . . . M,xN,=M’xN’ 
and 
MxN=MO#No,M1#N,,, . . . . M,#N,,,M,#Nt, . . . . M,#N,=M’#N 
are also blowup sequences (we may assume that connected sum is taken far from the centers 
of blowups). 0 
LEMMA 3.2. RP” x RP” is blowup equivalent to RPm+“. 
COROLLARY 3.3. The product of two topologically rational mangolds is topologically 
rational. 
Proof of Lemma 3.2. Consider projective linear subspaces 
p = Rp”-‘, Q = f$p”-’ c [wp”+” 
in general position to each other (i.e. PnQ = 8). Let 
L” c B(RPm+“, PuQ) 
be the proper transform of the (m + n - 1)-dimensional subspace L c RP”+” spanned by 
P and Q. The linear projection p:RP”+” - P + RP” from P and the linear projection 
q: RP”+” - Q + RP” from Q can be extended after the blowup and produce the map 
fi:B(RP”+“, PuQ) + RP” x RP”. 
The restriction 
is a fibration by the proper transforms of the lines passing through P and Q. The restriction 
of vB(Rp+“,puQ)(~) to such a line is isomorphic to the unique non-trivial one-dimensional 
vector bundle over RP ‘. Therefore, this map is a blowup. This gives a blowup sequence of 
length 2 between RP” x RP” and RP”+“. Cl 
The following lemma shows that the blowup equivalence and the cobordism equiva- 
lence generate the trivial equivalence on the smooth closed connected manifolds of the same 
dimension. 
LEMMA 3.4. For any smooth closed connected M there exists a manifold M’ cobordant to 
M and such that M’ is blowup equivalent to a null-cobordant manifold. 
Proof: The cobordism group is generated by products of non-singular hypersurfaces 
RH,,, of bidegree (1,l) in RPp x RPq, p < q (since for every n = 2” + I where 0 c 1~ 2”, 
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s,_~(w([WH~~,~)) # 0, cf. [8] Problem 16F). Corollary 3.3 implies that we need only to show 
that RH,,, is blowup equivalent o a null-cobordant manifold P.++ 
The hypersurface RP,, is given by the equation 
xoyo+x1y, + ... +x,y,=o 
where [x0: ... : xp] x [yo: ... : y,] are standard bihomogeneous coordinates of RHP x RPq. 
It is easy to see that RH,,, is non-singular. Let RF c RH,,, be the intersection of RP,,, and 
the hypersurface given by the equation y, = 0. Let us consider the projection 
71: RPp x RPq + RPp. The restriction rc(WHI,I is an lRPq-‘-fibration, since RP,,,n{x} x RPq 
is a hyperplane in {x} x RPq given by the equation xoyo + xlyl + .e. + xpyp = 0. The 
structure group of this fibration is the projective linear group. The restriction nIRF is an 
RPq-2-fibration, since RFn{x) x RPq is an intersection of two hyperplanes in {x} x RPq 
given by the equations xoyo + xly, + ... + xpyp = 0 and y, = 0. Note that these hyper- 
planes of {x} x RPq never coincide, since p < q, and, therefore, they are transverse. The 
submanifold RF c RH p,q is an exceptional divisor of a blowup by Lemma 2.4, since the 
normal bundle of RFn(x} x RPq z lRPqe2 in RH,,,n{x} x RPq z RPq-’ is the tauto- 
logical one-dimensional fibration over RP q 2 Thus there exists a manifold P such that - . 
RH,,, is the result of a blowup of P with the exceptional divisor RF. Then P is a Sq- ‘- 
bundle over RPp with the structure group O(q). The manifold P is null-cobordant, since P is 
the boundary of the associated Dq-bundle. Cl 
4. FINDING AN EVEN HANDLEBODY DECOMPOSITION 
Lemma 3.4 reduces the proof of Theorem 1.1 to the case when M and N are cobordant. 
Let W be a (non-oriented) cobordism between M and N. A handlebody decomposition of 
W determines a sequence of manifolds 
M = MO, Ml, . . . ,M, = N 
such that Mj is the result of surgery on Mj- 1, j E { 1, . . . , n}. We can choose the handlebody 
decomposition of W such that every Mj is connected. 
Let Pj_ 1 c Mj_ 1 denote the surgery sphere (i.e. the boundary of the core of the jth 
handle) and let Qj c Mj denote the dual surgery sphere (i.e. the boundary of the cocore of 
the jth handle). Let [Pj] and [Qj] denote the homology classes realised by Pj and Qj in 
H*(Mj; z2). 
LEMMA 4.1. Every surgery in the sequencejts into one of the following three cases. 
(4 [Pj_ 1] 0, 0, H*(Mj; = H*(Mj- 1; z2) + 2 
(b) CPj-11 [Qj] = 0, H*(Mj; = z2) - 
04 [Pi- = 0, = 0, H*(Mj; Z2) dim H*(Mj- z2). 
in case (c) dim Pj- 1 = dim Qj. 
ProoJ We observe that by excision 
H*(Mj-1; Pj-1; 72) z H*(Mj; Qj; Z2)* 
+ + Evidently, RH,,, is a rational variety (in the sense of algebraic geometry), but this does not directly imply that 
RH,., is topologically rational 
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The exact sequences of pairs (Mj- 1, Pj- 1) and (Mj, Qj) imply that 
dimH,(Mj_l;Z2)=dimH,(Mj-,,Pj_1;Zz)-l, if[Pj_i]=O 
dimH,(Mj_,;Zz)=dimH,(Mj-,,Pj_1;Z2)+1, if[Pj-I]#0 
dim H*(Mj; Z,) = dim H*(Mj, Qj; Z,) - 1, if [Qj] = 0 
dim H*(Mj; Z,) = dim H*(Mj, Qj; .Z,) + 1, if [Qj] # 0. 
We need now to prove that it cannot happen that both [Pj-11 # OEH*(M~_~; Z,) and 
[Qj] # OEH*(Mj; Z,) and that if both [Pi-I] = 0 and [Qj] = 0 then dim Pj-1 = 
dim Qj. 
Let S be the closure of the complement of the tubular neighborhood of Qj in Mj. We can 
view S either as a deformational retract of Mj-1 - Pj_1 or as a deformational retract of 
Mj - Qj: 
By Poincare duality 
dim ker H,(aS; Z,) + H,(S; Z,)) = 4 dim H,(aS; Z,) = 2. 
The group ker(H,(dS; Z,) + H,(S; Z,)) is generated by [as] and (exactly) one of the 
following three elements [Sp-i], [Sq-‘1 and [Sp-‘1 + [Sq-‘1. If [Sp-‘1 or 
[Sp-‘1 + [Sq-‘1 is in the kernel then Pj_ 1 is Z,-homologous to zero in Mj_ 1. If [Sq-‘1 or 
[Sp- ‘1 + [Sq- ‘1 is in the kernel then Qj is b,-homologous to zero in Mj. Vanishing 
of both [Pj-I] and [Qj] means that [Sp-‘1 + [Sq-‘1 is in the kernel, in which case 
P = 4. cl 
Definition 4.2. We say that the jth handle in the handlebody decomposition of W is odd 
if Lemma 4.1(c) holds. The corresponding surgery is called an odd surgery. 
Lemma 4.1 provides a useful criterion whether the handle is odd. The jth handle is odd if 
and only if [Pj-I] = OEH*(M~_~; Z,), dim Mj_l = 2 dim Pj_l + 1 and the self-linking 
number of Pj- 1 (with the surgery framing) is odd. 
COROLLARY 
congruent modulo 2 to x(W) + 4 (dim H,(M; Z,) + dim H,(N; Z,)) 
Proof We deduce this from Lemma 4.1 by induction 
PROPOSITION 4.4. If two manvolds M and N are cobordant then there exists a cobordism 
W between M and N and a handlebody decomposition of W containing no odd handles. 
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Proof. If dim W is odd then by Lemma 4.1 no handlebody decomposition of W can 
contain an odd handle. Suppose that dim W = 2k is even. If thejth handle of W is odd then 
we attach RP2k to the tubular neighborhood of Mj in W to get the new cobordism 
W’ % W # RP2’ between M and N. The projective space RP2k admits a standard handle- 
body decomposition containing exactly one handle of index k. By Corollary 4.3 this is an 
odd handle (x(WP~~) = 1). The handlebody decomposition of W and the standard handle- 
body decomposition of RP2k produce a handlebody decomposition of W’. In the new 
handlebody decomposition we slide the odd handle corresponding to the jth handle of 
W through the odd handle corresponding to the odd handle of lRP2k. After the sliding both 
of the handles become even (not odd), the first one becomes even since the self-linking 
number of its surgery sphere becomes even, the second one becomes even since its surgery 
sphere becomes not Z,-homologous to zero any more. Inductively, we get rid of all the odd 
handles. cl 
5. APPLYING REAL ALGEBRAIC GEOMETRY 
Proposition 4.4 reduces the proof of Theorem 1.1 to the proof of blowup equivalence of 
A4 and N in the case when the cobordism W consists of a single handle and’this handle is 
not odd. Thus N is the result of surgery on M. By Lemma 4.1 we may assume that the 
surgery sphere P c M is Z2-homologous to zero in M and the dual surgery sphere Q c N is 
not Z2-homologous to zero in N (otherwise we just switch M and N). 
The purpose of this section is to find (possibly after a multiblowup of M - P) a smooth 
submanifold I/ c ti such that P = 8V. If dim M < 5 or if dim M < 7 and P is Z-homo- 
logous to zero in M then there is no need in blowup and the submanifold V can be found in 
M using the Kneser smoothing technique (see e.g. [6]). To find V in the high-dimensional 
case we put a real algebraic structure on the manifolds and use the resolution theorem 
over R. 
LEMMA 5.1. There exists a manifold fi such that m - Q is the result of multiblowup of 
N - Q and a smooth subman$old P c N intersecting Q transversely at one point. 
Proof: By the Nash theorem [9] we may assume that N is a component of a non- 
singular algebraic variety. Since Q is not Z2-homologous to zero in N (the corresponding 
handle is not odd), by Poincare duality there exists fi E H,(N; Z,) such that /I. [Q] = 1 E Z2. 
By a theorem of Thorn [lo, Theorem 111.23 fl is representable by a smooth map f: I? + N, 
where B is a smooth manifold andf*([B]) = fl. Using the Nash theorem [9] again we put 
a real algebraic structure on B. By the Akbulut-King normalization theorem [3, Theorem 
2.8.31 we can approximatefby an algebraic map. Thus we get a non-singular component 
2 of an algebraic variety and a degree 1 rational map F:Z + N such that F,([Z]) = /I?. 
Denote by W the Zariski closure of F(Z). Since F(Z) is subalgebraic (and, therefore, 
semialgebraic by the Tarski-Seidenberg theorem), dim W = dim Z. By changing Q with 
a small isotopy we can assume that Q intersects W transversely in non-singular points of W. 
By the Hironaka resolution theorem [7] (see also [S] for the constructive proof) there 
exists a multiblowup of N with the center contained in the singular locus of W such that the 
proper transform fi of W is a smooth submanifold of the result fl of the multiblowup. Note 
that the proper transform T of F(Z) is a smooth closed submanifold of R. Indeed, T is the 
image of a degree 1 map from Z to fl, by the local version of [3, Corollary 2.3.31 for every 
component C of m dim(C - T) < dim V and therefore T is a collection of components 
of IV. 
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Fig. 1. Candling of pairs of the intersection points. 
Letqr, . . . ,q,,+,bethepointsofTnQ.Lety,, . . . , yk be the disjoint paths in Q connect- 
ing q1 to q2, q3 to q4, . . . , q2k _ 1 to q2k. Let S be the tubular neighborhood of Q in N. The 
restriction R of X to ylu ... uyk is a sphere bundle over y,u ... uyk. The closed submani- 
fold P = TuR c N can be smoothed to a submanifold intersecting Q transversely at 
q = q%k+l- 0 
The surgery shere P x Sp- ’ comes with the surgery framing r which is a trivialization of 
v~(P) (the trivialization r determines the embedding Sp- ’ x D4ci M and N is obtained by 
replacing Sp- ’ x II4 with Dp x Sq- ’ in M). 
Dejinition 5.2. A trivialization z of vM(W) is called tangent to V if r is defined by 
orthogonal sections el, . . . , tzq of vM(8V) and cq is the outer vector field of 8V tangent o I/. 
Lemma 5.1 produces the following proposition for M. 
PROPOSITION 5.3. There exists a manifold M’ such that M’ - P is the result of multiblowup 
of M - P, P = aV for a submanifold V c M’ and the surgery trivialization of P is tangent 
to v. 
Proof Since M - P = N - Q, the multiblowup from Lemma 5.1 produces the multi- 
blowup of M, the complement of the small disk neighborhood of q in P gives the 
submanifold V such that P = aV. Note that the surgery trivialization of P is tangent to 
V since f cuts the tubular neighborhood of Q in N along a fiber. cl 
6. PROOF OF THEOREM 1.1 
By Lemma 3.4 and Propositions 4.4 and 5.3 we need only to find a blowup equivalence 
between M and N in the case when N is the result of surgery of M along P = aV c M and 
the surgery trivialization of P is tangent to V. 
DeJinition 6.1. A trivialization r of v&aV) is called compatible with V in M if r is tangent 
to V and the sections cl, . . . , .zq _ l of r orthogonal to V extend to a trivialization of vJV). 
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Definition 4.2. Suppose F c A4 is a smooth closed submanifold intersecting a submani- 
fold V c M cleanly and intersecting 8V. 
(a) We say that a subbundle 5 of v&V) misses F if [lFnV and vp(FnV) are orthogonal in 
VM(Ff7 V). 
(b) We say that a subbundle < of vM( V) hits F if [lFnV is a subbundle of vp(Fn V). We say 
that any generic section t of a bundle missing (resp. hitting) F misses (resp. hits) F. For 
examples if F c V then any generic section of vM(V) misses F. 
LEMMA 6.3. Let r be a generic section ofv&V) non-vanishing on 8V and let 2 c V - aV 
be the zero set of 5. Suppose F c M is a submanifold intersecting V cleanly. 
(a) IfFnV = 2 and c misses F then &_fFnVj extends to a non-vanishing section of vB(M,Fj 
MK Fn VI). 
(b) IfZ = 8 and [ misses F then &_ T(FnYj, where T(Fn V) is the tubular neighborhood of 
FnV in V, extends to a section of v BtY,Fj (B(V, FnV)) vanishing transversely on the 
exceptional divisor E ofB(T(FnV), FnV). 
(c) If 2 = 8 and c hits F then <lv_(FnYj extends to a non-vanishing section of v~(~,~) 
WV, Fn VI). 
Proof. To establish Lemma 6.3(a) we note that, after identification of v~(V) and the 
tubular neighborhood of V in M, 5 determines a submanifold I/’ of M “parallel” to V such 
that the intersection Vn V’ = Fn V = Fn V’ is transverse. Since [ misses F, the intersection 
of V’ and F is clean. Proper transforms B(V, FnV) and S(V’, FnV’) do not intersect in 
B(M, F) and, therefore, &_CFnYj extends to a non-vanishing section of v~(~,~) 
(NC FnV)). 
To establish Lemmas 6.3(b) and 6.3(c) we work in the submanifold V x [0, l] c M 
defined by t (5 does not vanish in these cases). If 5 hits F then 
Fn(V x [0, 11) = (Fn V) x [0, l] and (B( V, Fn V) x [0, l] produces a non-vanishing exten- 
sion of <lv_(FnVj. If t misses F then Fn(V x [O, 11) = FnV and the proper transform of 
V xf[O, l] produces ..- we note that (B(T(FnV), FnV) is a D1-subbundle of the 
IRPr-bundle B(T, TnF)I,,, over E. fl(T(FnV), FnV). (B(T, TnF) over FnV, deter- 
mined by t intersects. The proper submanifold T/‘-T of M - T determined by r can be 
extended to a closed submanifold of B(M, F) by adding the total space of a D1-subbundle of 
the RPt-bundle B(T, TnF)I,,, intersecting (B(T(FnV), FnV) along E in Lemma 6.3(b) 
(when the intersection of V’ and F is clean) and not intersecting (B(T(FnV), FnV) in 
Lemma 6.3(c) q 
PROPOSITION 6.4. Let V c M be a smooth submanifold, 8V = P and z is a trivialization of 
v~(P) tangent to V. There exists a manifold fi and a submanifold V’ c Ii?, dV’ = P, such that 
(a, p) - P is the result of multibEowup of (M, V) - P, va(V’) is trivial and z is compatible 
with V’. 
Pro05 Let cl, . . . ,cqml be the sections of 2 orthogonal to V. Let <; be a generic section 
of v~(V) extending Ed. The zero set Z1 of 5; is a smooth submanifold of V not intersecting 
P = ITV. We blow up M along Z1. Let MI = B(M, Z,) and let V, = B(V, 2,) c Ml be the 
proper transform of V, VI x J3( V, 2,). Then by Lemma 6.3(a) .Q extends to a non-vanishing 
section c1 of vy,(VI). 
296 G. Mikhalkin 
We proceed by induction. Suppose that there exists Mk such that Mk - P is the result of 
multiblowup of M - P and E 1, . . . ,&k extend to non-vanishing orthogonal sections 
5 1, . . . , (ik of v&( vk), where l/k is the proper transform of V. Let <h + 1 be a generic section of 
vy,( vk) extending &k + I and such that r 1, . . . ,&k, {;+1 are orthogonal. Let &+l c T/k be the 
zero set of l;+l. We blow Up hdk dOllg Zk+l. Let ri;r, = B(Mk, .&+I) and let 
Pk = B( vk, zk+ 1) c ri;ik be the proper transform of vk. Let E be the exceptional 
divisor of B(Mk, &+ 1). By Lemma 6.3(a) E k+ 1 extends to a non-vanishing SeCtiOn gk+ 1 of 
vW,( fk )- 
However, by Lemma 6.3(b) the SeCtiOnS Ed, . . . , &k extend t0 SeCtiOnS gl, . . . , & Of vMk(fk) 
transverse to rk and vanishing on En Pk. To make them non-vanishing again we blow up 
Hk along the projectivization F c E of the orthogonal COmplemCnt of tl, . . . , & in 
v&(&+ 1). Note that F intersects Pk cleanly, 11, . . . , &‘_ miss F and everything orthogonal to 
them hits F. Let Mk+l = B(li;l,, F) and let I/ k+l = B(v/k, FfIv,) C Mk+l be the PI-Opel. 
transform of vk. By Lemma 6.3(c) &k+l extends to a non-vanishing section <k+l of 
v,&+l(Vk+I). By Lemma 6.3(a) & 1, . . . , &k extend to non-vanishing sections of v~,, (T/k + 1) 
pairwise orthogonal and orthogonal to &+ 1. 0 
The following lemma is the main tool of the proof of Theorem 1.1 which allows us to 
blow down submanifolds inside the ambient manifold. 
LEMMA 6.5. Zf P = B(V, K), l# = W = P, is a submanifold of M and v#) is trivial 
then there exists a manifold M’ containing V as a subman$old such that (M’, V) - P is blowup 
equivalent to (M, P) - P. 
Fig. 2. Proof of Lemma 6.5. 
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ADDENDUM 6.6. The bundle vW(V) is trivial and ifa trivialization z of vM(P) = v&P) is 
compatible with v in M then z is compatible with V in M’. 
Proposition 6.4 allows to drop the assumption of triviality of vM(P) in Lemma 6.5 and 
Addendum 6.6 (it immediately produces Corollary 6.7 in case K = 8). 
COROLLARY 6.7. Ifv = B(V, K), 8P = c?V = P, is a subman$old ofM and z is a trivializ- 
ation of v~(P) tangent to P then there exists a mani$old M’ containing V as a submanifold such 
that (M’, V) - P is blowup equivalent to (M, P) - P, v&V) is trivial and z is compatible with 
V in M’. 
Proof: By Proposition 6.4 there exists a sequence of blowups 
(fir, V’) = (Mk, V,) -+ ... -*(MO, V,) = (M, P) 
such that v&V’) is trivial and r is compatible with V’. We apply Lemma 6.5 and Addendum 
6.6 consequently to all k blowups in this sequence. At the end we get a manifold R contain- 
ing p as submanifold such that (Kf, P) is blowup equivalent o (M, P), v,(P) is trivial and 
r is compatible with P in n;;i. To finish the proof we apply Lemma 6.5 and Addendum 6.6 to 
(iGf, P). I7 
Proof of Lemma 6.5. Let I? c P be the exceptional divisor of B(V, K). Let 
fi = B(M, I?). The proper transform of P in ii? is diffeomorphic to v (since i? is of 
codimension 1 in r) and we denote the proper transform of P in ii? still by P. By Lemma 
6.3(a) the triviality of vM(P) implies that vu(v) is isomorphic to the tensor product of the 
trivial (4 - 1)-dimensional bundle, 4 - 1 = dim M - dim V and the l-dimensional vector 
bundle qr over p dual to K. By the adjunction formula, the normal bundle v&) is 
isomorphic to Q]E. Therefore, 
vfi(K) = (Eq- l@ vp(R)) 0 V&) = &4 @ v&). 
The exceptional divisor E of /?(a, Z?) is diffeomorphic to the projectivization of vy(l?) and, 
therefore, to R x RPq- ’ (since dim(vr(r?)) = 1). The projectivization of +(I?) determines 
a submanifold 
F=I?x{x}c~xRPq-‘=E, XE[WP~-~. 
Let I@ = B(l\;j, I?). The proper transform of P in A under p(fi, I?) is still diffeomorphic 
to P (I? is of codimension 1 in P). Therefore, the normal bundle of F in P is diffeomorphic 
to that of Z? in P which is the normal bundle of the exceptional divisor of a blowup. But 
F = I? x {x} and, therefore, for any y E RP q- ’ the restriction of the normal bundle of E in 
IV to I? x {y} is diffeomorphic to the normal bundle of the exceptional divisor of a blowup. 
Lemma 2.4 produces the blowup 
fi(M, VxRPq-‘):I\;i-+M’ 
where V = V x (x} c M’. 0 
Proof of Addendum 6.6. We need to show that .sl, . . . ,sq_ 1 extend to a trivialization of 
vMM’(V). By Lemma 6.3, the sections cl, . . . , cq _ 1 extend to orthogonal non-vanishing 
sections rl, . . . , t,_ 1 of va(P) 
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The diffeomorphism E x Z? x IRP- ’ is defined by the trivialization of v&r) which 
corresponds to rl, . . . , (,_ 1 and, therefore, the fibers of the blowup R + M’ are tangent o 
t 1, . . . ,&_l (i.e. the trivialization of vE(F) given by the restriction 
(E, F) + (K x RPq-‘, K x {x}) of the blowup coincides with tl, . . . , t,- 1). This means that 
5 1, . . . , <,_ 1 are induced by some trivialization $I) . . . , $,_ 1 of the normal bundle of V in 
M’ (cf. Lemma 6.3(c)). Therefore, 11/l) . . . , $,_ 1 extend el, . . . ,E,- 1 to V. 0 
Proof of Theorem 1.1. Lemma 3.4 and Propositions 4.4, 5.3, and 6.4 reduce the proof of 
Theorem 1 to the proof of blowup equivalence of a smooth closed connected manifold 
M and the smooth closed connected manifold N obtained by the surgery of M along 8V 
equipped with a trivialization z compatible with I/, where I/ is a submanifold of M such that 
vy(V) is trivial. 
We prove this by induction on the dimension of M. If dim M = 1 then N is diffeo- 
morphic to M and, therefore, blowup equivalent o M. Suppose Theorem 1 holds for any 
dimension less than dim M. Then I/ u av = Spml Dp is blowup equivalent o Sp and that implies 
that I/ is blowup equivalent o Dp. 
We use now induction on the length of blowup sequence between V and Dp. If I/ is 
diffeomorphic to Dp then N x M # Sp x S- ’ since z is compatible with V. Then Corollary 
3.3 implies that N is blowup equivalent o M. If not, we look at the first operation in the 
blowup sequence V = V,,, . . . , Vi = Dp. If V1 + V,, is a blowup along K c VO = I/ c M 
then we consider the manifold M’ = B(B(M, K), I?), where R is the exceptional divisor of 
j(M, K). By Lemma 6.3 z is compatible with the proper transform v’ x V1 of V under the 
composition of b(M, K) and /3(B(M, K), I?). Let N’ be the result of surgery of M’ along 
8v’ = aT/ equipped with z, then N’ = B(B(N, K), I?). By the assumption of induction M’ is 
blowup equivalent o N’ and, therefore, M is blowup equivalent o N. 
If VO + V1 is a blowup along K c VI then we apply Lemma 6.5 and Addendum 6.6 to 
I/ = V, = B(V, , K). This produces a manifold M’ I I/, blowup equivalent o M such that 
the result N’ of the surgery along al/, is blowup equivalent to N and the surgery 
trivialization is compatible with V1. By the assumption of induction M’ is blowup equiva- 
lent to N’ and, therefore, M is blowup equivalent o N. Cl 
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